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MO DAU

Ky thi Olympic Toan hoc sinh vién vi hoc sinh toan qudc 13 hoat dong thudng nién do Bo Gido duc
va Dao tao, Lién hiép cac Hoi Khoa hoc va Ky thuat Viéet Nam, Trung wong Hoi sinh vién Viét nam,
Hoi Toan hoc Viét Nam, phdi hgp cling mot trudng dai hoc trong nuée dang cai té chitc bat dau tit
nam 1993. Ky thi duge t6 chiic nhim gép phan nang cao chit lugng day va hoc toan, thic day phong
trao hoc toan trong hoc sinh, sinh vién, qua dé phat hién, boi dudng niém say mé toan hoc ctia sinh
vien, hoc sinh giéi toan trong céc truong dai hoc, cao déng, hoc vién vi trong cac truong thuoc khoi
Trung hoc phd thong chuyén. Bén canh dé, ki thi cling tao cd hoi giao luu gitta céc hoc sinh, gido
vien khéi Trung hoc phd thong chuyen véi cac sinh vien va gidng vien toan tai céc trudng dai hoc,
cao dang va hoc vién trén ci nudc.

Hing nam, Sinh vién trudng Dai hoc M6 - Dia chat déu tham gia ky thi va c6 nhiéu nim dat duge
gidi cao. Tuy nhién, dé dat dugc két qué tbt, sinh vién sé phai tit hoc rat nhiéu. Viéc cung cip tai
lieu, huéng dan sinh vién c6 thé tu on tap 1a rat quan trong. V6i muc dich bd sung thém vao kho bai
gidng luyén thi olympic sinh vién ctia bo mén Toan, bao cdo clia toi xin trinh bay mot sd bai toan vé
giéi han day sb.

N6i dung bao cao gdm ba phan:

Phan 1. Kién thtc cd s6 vé day sb

Phan 2. Mot s6 bai toan vé day s6

Phan 3. Bai tap luyén tap



1 Kién thiic co sé vé day sb
Dinh nghia 1.1. Déy s6 la mot dnh za tit tap cdc s6 tu nhién vao tap cdc so thuc
fNSR
Dit u, = f(n) va ding ki higu {u,} -, dé chi day s6. Day s6 {u,},—, dudc goi la
e duong (am) néu u,, > 0(u,) < 0 v6i moi n.

e khong am (khong duong) néu u,, > 0(u,, < 0) v6i moi n.

don dieu tang (gidm) néu u,41 > Uy (ups1 < n) v6i moi n.

tang (gidm) thyc sy néu u,41 > Uy (Upe1 < n) v6i moi n.

bi chin néu ton tai C' > 0 sao cho |u,| < C, Vn.

e hoi tu dén L néu véi moi € > 0, ton tai ng sao cho |a, — a| < €, Vn > ng. Khi d6 ta viét
limu, = L.

day Cauchy (day co ban) néu véi moi € > 0, ton tai ng sao cho |a,, — a,| < &, Yn,m > no.
Cac tiéu chuan hoi tu

1. (Dinh 1y hoi tu don diéu) Moi day s6 don dieu ting (gidm) va bi chan trén (dudi) déu c6 gi6i
han hitu han.

2. (Dinh 1y kep) Cho ba s6 thuc {u,}, {vn}, {zn}-

Néu limwu,, = limv, = L va u, < 2z, < v, v6i n > ng ndo d6 thi lim z, = a.
3. Day {u,},>; hoi tu khi va chi khi né 1a day Cauchy

Dinh 1i 1.2. (Dinh ly Bolzano-Weierstrass) Moi day bi chan déu c6 mot day con hoi tu

2 Mot so bai toan ve day so

2.1 Dang 1. Nhitng day sbé lién quan dén téng cac sé6 hang lién trudc

V6i nhitng day nay, ta chi can tinh biéu thitc v6i n 4 1 rdi trit di biéu thiic véi n thi ¢ thé triet tieu
lugng 16n céac s6 hang.

Vi du 1. Cho day {z,} -, zdc dinh nhu sau
xr1 = 2
1 +x9+ ...+, = nz.xn.
Tinh 22016-
Loi giai. Ta c6
21+ To 4 .+ 2p =02z, (1)

14+ To+ o+ Tp + Tpy1 = (n+1)2.xn+1 (2)

Lay (2) trix (1) ta duge

(n+1)2%xp —nPa, = Togy

s nla, = (n%+2n)z,
n
n-+2

& Tpyl = Ip.



n

n .
Suy ra chi—H = Hz—fl—le

=1 i=1

2.n! 4

STy = ————l = —————————
T 2l T+ D(n+2)
Va S 4
ay T, = ———. Suy 1a Tagos = ————.
W n(n+ 1) 7 T T006 = 5006 2007
Vi du 2. Cho day {z,},., théa man
2015
T = —
6
T T2 Tp - ’I'L+1 *
Tinh lim (2015 + n)xz,
n—oo
Lai gidi.
T €2 Tn n+1
— 4 =4+ ..+ —= 1
TR T I M)
Z1 1) Tn Tn+1 n+2
— 4+ —=+4+..+— = —2, 2
T T TS T B @)
Lay (2) tru (1) ta duge
n+2 n+1 Tp+1
g —
2 TPt e Tt g
2 1
— (n+1)2
Tpi1 =
+ (n+3)x,
e “(i4+1)2
S i+l = v i
uy ra il;[laurl EZ(Z+3)x
23.(n+1) 2015(n+ 1)
= Tiy1 = T =
(n+2)(n+ 3) (n+2)(n+ 3)

Vay lim (2015 + n)xz, = 2015.

n—oo

1. Néu f 1a ham don digu tang thi w,41 — un = f(un) — f(un_1), nén ta thay w,,1 — u, cing
dau v6i uy — ug. Nhu vay day {z,} -, don diéu ting hodc gidm phu thudc vao u; vd ug. Trong
truong hop nay chi con phai xét xem {x,} ; bi chin trén hay bi chin duéi hay khong.

2. Néu f la ham don dieu gidm thi f o f 13 ham tang. Vay hai day con {uak}re; v& {uokt1}ie,
déu don diéu ting hodic gidm phy thudc vio dau cla uy — us v ug — u;. Hon nita ug — up =
flus) — f(ur) > 0 néu uz < uy va ug —ug = f(uz) — f(u1) < 0 néu uz > uy do f nghich bién.

Vay nén hai day con {uag}pe; v& {ugkt1}ye; déu don dieu nguge chiéu nhau

3. Néu f la ham lién tuc 1a limu,, = [ thi suy ra f(I) = I. Ta c6 thé gidi phuong trinh f(I) = dé

tim giéi han day s6

Ménh dé 2.1. Cho f khd vi tréen R. Gid st ton tai cic s6 p > 0 va q € (0,1) sao cho |f(z) < p| va

|f(x)| < q. Khi dé day s6 xo = a,xns1 = f(zy) hoi tu.



Chiing minh. Theo dinh 1y Lagrange ta ¢6 |f(z) — f(y)| = |f'(2)||z — y| < gz — y|, trong d6 z ndm
gitta x va y.

Xét ham g(z) = f(x) —x ¢6 g(p) = f(p) —p < 0 va g(—p) = f(~p) +p > 0. Suy ra, g(x) lién tuc,
c6 nghiém trong [—p, p|.

Ta chitng minh g(z) c¢6 nghiém duy nhat. That vay, gia sit g(z) c6 hai nghieém u < v. Khi dé6

[u—v] = |f(u) = f()| = [ #)|lu—v| < glu—v| < |u—v| (mau thuan) .
Vay, phuong trinh f(z) = z ¢6 nghiém duy nhéat L. Ta c6
lun — L| = | f(un—1) = F(L)] < glup—1 — L] < ... < ¢"|uo — L]
LAy lim hai vé dé& dang suy ra limu,, = L. O
rd ~ oo z . 2 2011 2 2 2

Vi du 3. Cho day {z},_, zdc dinh bdi 1 = a,Tpi1 = —5 In(x; +2011°%) — 2011°.

Chiing minh ring {xy,} -, 6 gidi han.

2011

Loi gidi. Xét ham f(x) = OT In(z? + 20112) — 20112, Ta c¢6

2011 2z
3 '2.2011.x

1

2011 2z

!
|F(=)] 3 22 420112

=3

S ‘

Xét g(xr) = = — f(z) ¢6 g(0) < 0 va g(—2011%2) > 0 nén phuong trinh g(x) = 0 c¢6 nghigm
L € (-20112%,0). g(x) lai dong bién trén (—2011%,0) nén nghigm nay 1a duy nhét.
Theo dinh 1y Lagrange

1 N o N
[#nrr = LI = |f(20) = f(L)] = |f' ()l = L] < Slan — LI, 2niim gitta 2, va L.

1 n—1
L < (3) a1~ I

Cho n — oo ta dugce limu,, = L. O

Suy ra

1 .
— arctan u,,. Ching minh rang day

. - 00 L . 2. T
Vidu 4. Cho day {un},_, wdc dinh bdiur € R, uni1 = goe — 2

da cho hot tu.

1
Loi gidgi. Xét ham f(x) = ﬁ ~3 arctan z, 1a ham lién tyc trén R.
1 1
/
=l < =
|f(=)] ’2(1+x2) =39

bat g(z) = f(z) — . Khi d6, g(x) 1a ham lién tuc trén R.
g(x)=1—f(x) >0, Vz € R

Suy ra, g(z) dong bién trén R. Hon nita

T
9(0) = —f(0) “3019 0
( T )— T __T —|—arctanL>O
9\2019/) ~ 2019 ~ 2019 2019
Suy ra, phuong trinh g(z) = 0 ¢6 nghiém c € (0, 2(?—19) . Do g(z) dong bién nén nghiem nay la duy

sao cho

nhat. Ap dung dinh ly Lagrange, ton tai z nim gita 0 va 2519
1
[unt1 =l = |f (un) = F() = [ ()lun = el < Flun = ¢].
Tiép tuc 4p dung dinh 1y Lagrange ta dugc
1 n
it =l = () = )] = 17 Ol =] < gl —el < < (5) ua .

Cho n — oo ta dugc day {z,},-, hoi tu va c6 gi6i han la c. O



2.3 Cac day truy hoi dac biét

1. Day upt1 = a.u + by, +c
Xét ham f(x) = ax? + bz + c.

e Néu f/(z) > 0 thi f(z) dong bién va do d6 day don dieu. Trong trudng hop nay ta chi can
chiing minh d&y bi chin.Cht y ring néu diy c6 giéi han L thi sé 1a nghiém ciia phuong
trinh L = a.L? + b.L + c. Ta c6 thé dua vao phuong trinh nay dé ching minh day bi chan
(b6i chinh nghiém ctia phuong trinh d6) hay khong bi chan.

e Néu f/(x) doi dau thi ta xét xem ligu c¢6 ton tai ¢ € (0,1) sao cho |f/(z)| < ¢ hay khong.
Néu ton tai ¢ nhu trén thi bai toan ciing duge giai quyét

ar, +b
e, +d

S cl?+(d—a)L—b=0c6 A= (d—a)?+4bc.

2. Day s6 phan tuyén tinh x, ., =

a.L +0b
c.L+d

Xét phuong trinh L =

e Néu A < 0, day phan ky.
e Néu A > 0, phuong trinh c6 hai nghiem phan biét «, 3.
-Néu z; = o thi z, = A, Vn.

—Néuzl#a,datXn:xniﬁ

ta duge X,,+1 = A X,

Ty —a

1 L 2
3 ta duge {X,,} 1& cip sb cong.

e Néu A = 0, phuong trinh c¢6 nghiem kép \. Dat X,, =

n

—1, Vn > 1. T'm lim u,,.

1
Vi du 5. Cho day {u,}, ., zdc dinh bdi uy =1, upyq = iu%
- -1
Loi gidi. Dé chiing minh duge —1 < u,, < - Vn > 2.
1 -1
Xét f(x) = 5962 -1,z € (—1, 2) c6 f'(z) =x.
e (-1 =2
z -1, — .

) b 2

x) ¢6 ¢g'(z) =1— f'(x) > 0 nén g(z) 1a ham dong bién V € (—1,0).

Suy ra [f'(z)] <

N | =

bat g(z) =z — f

—~

9(0)=0—-f(0)=1>0

o)) =1- f(-1)= 5 <0

Suy ra ton tai ¢ € (—1,0) sao cho f(c) = ¢ va do g(x) dong bién nén ¢ 1a duy nhat. Gidi phuong trinh
1
m:§x2—1tatimdu’(jcc:1—\/§.

Ap dung dinh 1y Lagrange ta c6

|%H—d=uwm—ﬂm=fvmm—d<;%—c<m<(D g — d

Cho n — oo ta dudge limu,, = c. O

Ngoai cach danh gid nhu trén ta con c6 thé danh gia nhu sau

1 1 1
|un+1 —C| = ‘21131 —-1- (262 _1)‘ = 5|un-|—c||un—c‘
R 1 V3
Vi—-1<u, <0nén —/3 <u, +c<1—+/3.Suyra §|un+c| < > < 1. Ta dugce
3 3\"
0 <|upt1 — ¢ < g|un—c| <. < <\2[> lur — .

Theo dinh 1y kep thi limu,, = c.



. 1 N ,
Vi du 6. Cho diy s6 {u,},., zdc dinh bdi uy € RT, u,qq = g(u% +8). Tim dieu kién cia ug dé

day hot tu.

= 1z 1
Loi gidi. Dé thay w, > 0, Vn. Xét ham f(z) = 6(302 +38) co fl(x) = g > 0, Yo > 0. Suy ra f(z)
dong bién véi moi z > 0.
Phuong trinh f(z) = ¢6 2 nghiem z =2 vaz =4

e Néu ug € (0,2) thi dé thay u, € (0,2) véi moi n.
1, 1
Upt1 — Up = E(Un +8) —u, = é(u" —2)(u, —4) > 0.

Suy ra day s6 {u,} -, la day tang, bi chin trén bdi 2 va ¢6 gisi han la 2.

e Néu ug € (2,4) thi u, € (2,4),Vn, tuong tu trén {u,} ., 1a diy gidm, bi chan duéi bsi 2 va c6
gi6i han 1a 2.

e Néu ug € (4,+00) thi {u,} o, la day tang vd u, > 4, Vn nén khong thé hoi tu vé 2 hay 4.
Truong hgp nay day phan ki.

e Néu ug = 2 hodc ug = 4 thi diy trd thanh day hing s6 va hoi tu.
Vay ug € [0,4] thi day da cho hoi tu. O
Vidu 7. Cho day {a,},>, wdc dinh bdi cong thic ag € R, 2a,4+1 —2a, +a2 =0, n=0,1,2...
a) Ching minh rang day don diéu.
b) Tim diéu kién cia ag dé day hoi tu.

a
2

2
n

Loi gidi. a) D& thay {a,} ., don dieu gidm vi a1 = an, — = < ay,

z L2
b) Gidi han néu c6 ctia day phai la nghiém ctia phuong trinh L = L — > & L=0.

2
Mat khac néu an1 > L < a, — %" >0 < a, € (0,2).

e Trudng hop 1. Néu ag < 0, bing quy nap dé thiy a,, < 0, Vn. Suy ra day (a,) don dieu giam,
moi phan tit déu nhd hon 0 nén khong thé hoi tu veé 0.
2
e Truong hop 2. Néu ap > 2 thia; = ag — % < 0 va biang quy nap c6 thé thay a,, <0, Vn > 1.

Vay trong trudng hop nay day ciing khong thé hoi tu.

e Trudng hgp 3. Néu 0 < ag < 2, dé chitng minh dudc bang quy nap 0 < a,, < 2. Do dé day bi
chan, két hop véi day don diéu gidm nén day hoi tu.

[
Vi du 8. Cho diy {uy} -, zdc dinh bdi cong thic uy = a, upt1 = u? —u, + 1.
a) Tim a dé day hoi tu.
b) Tinh gidi han trong truong hop hoi tu.

Loi gidi. Do upy1 — up = (u, —1)? > 0 nén day (u,) 1a day tang.
Néu day hoi tu dén L thi L 1a nghiém clia phuong trinh L=L? - L+1& L = 1.
Ta ¢6 Uupy1 > L& u2 —u, +1> 14 hodc u, <0 hodc u, > 1.

e Truong hop 1. Néu a > 1 thi dau u,, 1a day ting vi c6 cdc phan tit 16n hon 1 nén khong thé hoi
tu vé 0 hay 1.

e Trudng hop 2. Néu a < 0 thi us = a? — a + 1 > 1. Tuong tu trén, diy phan ki.

e Truong hop 3. Néu 0 < a <1 thi 0 < wu, <1, ¥n. Suy ra day bi chin, két hgp véi day (u,) ting
ta dugce day (u,) hoi tu.



) s ) \. —1
Vidu 9. Cho day 0 {u,},_, zdc dinh bdiug =1, u, = ——, n=1,2,...
- 3+un—1

Chitng minh ring day {u,},, ¢d gidi han va tim limu,.

—3+V5 —-3—-+5

¢6 2 nghiém phan biét a = — v 8= 5

-1
Chit inh. Xét phuong trinh L =
ng min. ét phuong trin 5L
Dit X, = 2% Taco
un_ﬁ
-1
X lzun+1—a:3+un :—1—a(3—un)
n un+176 -1 _ﬁ 7176(37un)
3+ un,
—(1+3a+a?) —a(u, —a) «a u, —a

a
—(1+38+8%) —Bun—B) Bu,—pB B

Suy ra X,, = (g) Xo—0vi

Q
—| <1
ﬁ‘
n— Q
X, -1

Miit khac, tir X, = -2~ % tmh duge u, =
—

V5 -3

—.

Vay limu, = a =

6a, + 4

Vi du 10. Cho a1 > 0 va day {an},—, zdc dinh bdi an+1 = T3
n

a) Ching minh rang day {an},—, hoi tu.
b) Tim gidi han cia day.

L+4
Loi giai. Xét phuong trinh L = Lii?) c6 2 nghiém phan biét o = 4 vaf = —1.

Diit X, = %~ Ta 6

n

6a,, + 4
any1 —4 a +3 2a, =8 2a,—4 2
Xpi1 = = o =X,
T a1 6an+4+1 Tan+7 Tan+1 7
an, + 3

Suy ra X, = <

o

) X1. Do d6, day {X,},—, va c6 gi6i han bang 0.

X, +4
—X

Mat khac, tu X, ta tinh dugc a,, = . Suy ra day {a,} -, c6 giéi han bang 4. [

2.4 Dang 3. Dinh ly Toeplitz va dinh ly Stolz

Dinh i 2.2. (Dinh lyj Toeplitz) Cho {c, x} la mot bang cic so thuc théa man
1. e — 0 khin — oo, Vk € N.
2. 3 i Cng — 1 khin — oo.

3. Ton tai hing s6 C > 0 sao cho vdi moi s6 nguyén duong n thi
n
Z ‘Cn7;€| <(C.
k=1

Khi d6 moi day hoi tu {ay} thi day {b,} zdc dinh bdi b, =Y, _, ¢y rak cing hoi tu valimb, = lima,.

Hé qua 2.3. 1. Néulima, — a thilim 2% Fan o
n




2. Néu lima, = +oo thi lim artayt o tan 00
n

Dinh i 2.4. (dinh lyj Stolz) Cho {x,}or | va {yn},y la hai diy théa man:

1. {yn}o2, la day tang thuc su dén +oc.

9 Jim Fn— Tn-t =g
Yn — Yn-1

Khi d6 lim 22 = g.
Un

Hé qua 2.5. Ldy y, = n, khi do

1. Néulim(z,,1 — x,) = athlim In _ .

n
P 1 o
2. Néu lim — — | =a thi lim =a.
Tpn41 Ty n.Tn
Vi du 11. Cho lima, = a, tinh lim (GT" + a”2_1 + .t 2:11) :
Loi gidi. Ap dung dinh 1y Toeplitz véi ¢, = ST ta dudce

lim (a—”+ dn1 +L) = 2a.

1 2 T on-l
O
Vidu 12. Cho lima, = a.
) Tum li 1<+a2+ +a”>
a) Timlim — ( a — 4+ .+ —
NZANRYE ND
. 1 al a9 Qn

b) Tom 1 7(7 9 . 7)
)Zmlmlnn 1+2+ +n

., e . as Qn,
Loi gidi. a) Ap dung dinh 1y Stolz cho z,, = a1 + —= + ... + — VA y,, = /n.

gidi. a) Ap dung ¥ 1t N Vvn

Véi cha y

An+1
n - 4n— . vV . n vV 17
1imx Tn-1 = lim ntl :hma vt Vi) = 2a.
Yn — Yn—-1 vn -+ —\/ﬁ vn—+1

L . al ag Ay, N P . .

b) Ap dung dinh 1y Stolz cho z,, = T + 5 4+ ...+ — vay, =Inn v6i cha y
n
1immn_$n_1 = lim Ant1 T = lim ) ia 1 = a
n — Yn— n
Yn = Yn—1 (n—|—1)1n< > ln<n )-l—ln(n )
n n n
O]

bé tim s6 B sao cho day —g c6 gi6i han, ta xét higu w;’LH — ), trong d6 v = B va tim gi6i han
n
cuia hiéu nay.

Vi du 13. Cho day uy =1, upy1 = LQ,V’I’L > 1. Tim lim u,/n.
14 u2

Loi gidi. Dau tién ta sé tinh limw,,.

ﬁ < UTn = Uy,. Suy ra {u,} la diy gidm.

Vay day {u,} hoi tu vé a 1a nghiém ciia phuong trinh a =

Dé thay u, >0, Vn vA U, 1 =

a
——. Giai ra ta dugc a = 0.
14 a?



Xét hicéu

u2 _( Unp 2
1 1 w2 —u? n 1+ u2
7= = g =uj +2.

2 ) 2,2 2
Up g Up Us U 1 q ) Up,
uz . 5
1+u

1 L
Suy ra, lim i 2. Vay limu,.\/n =

1
ﬁ.

3 Bai tap luyén tap

Bai 1. Cho day s6 {z,}°°, théa man z; = 2015, mTl + % T %" = (n+2016)2,41. Tim lim 3/7,,.
Bai 2. Cho day s6 {ay},—, xac dinh b6i a; = —4,a,41 = %,Vn > 1. Tim lim a,.

n
Bai 3. Cho day s6 {a,},-; xac dinh béi a1 = 0,ap41 = 35" + 1,Vn > 1. Tim s6 hang tdng quat cla
day. "
Bai 4. Cho day s6 {a,},., xac dinh bdi a1 = a,an41 = %,Vn >1

a) Tim a dé day {a,} -, 1 day hing.
b) Tim a dé day {a,},—, hoi tu.

Bai 5. Cho day s6 {a,},., xac dinh bdi ag = 0,an+1 = v/3 — /3 + a,,. Chiing minh réang day hoi
tu.

Bai 6. Cho day s6 {a,},., xac dinh bdi a; = 2, ap41 = /2018, — 2017, Vn > 1. Ching minh réng
day hoi tu va tim giéi han dé6.

Bai 7. Cho day s6 {a,},., xac dinh bdi a1 = a,an41 = a, + al.

a) Chitng minh ring néu a > 0 thi ddy ting ngit va néu a < 0 thi day gidm ngit.

< . . Un+1 — ufz 2
b) Néu a # 0. Tinh lim — = —u; +2

Un

Bai 8. Cho day so {a,},-, xac dinh béi ag = a € R, an41 = a2 + 2a,. Vdi gia tri ndo cta a thi day
hoi tu.

10



KET LUAN

Béo cdo da trinh bay tém tat 1y thuyét vé day s6 va dua ra mot sd dang bai tap quen thudc trong
luyén thi olympic sinh vién phan day s6, dong thoi dua ra mot vai cach giai tong quat, dé hiéu. Day
1a mot tai lieu c6 thé gitp sinh vién 6n tap phan gi6i han day sb t6t hon.

Trong tuong lai, dé hoan thién gido an luyen thi olympic mén giai tich, t6i sé cb6 ging téng hap
thém nhiéu dang bai, dua ra nhiéu cach gii téng quat gitp sinh vién dé tiép can hon.
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